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Abstract. Schedulingin Real-timesystemsdiffers from schedulingin conven-
tional modelsin two principal ways:(a) Parametervariability, (b) Existenceof
complex constraintsbetweenjobs.Ourwork focussesonvariableexecutiontimes.
Whereastraditionalmodelsassumefixedvaluesfor job executiontime,wemodel
executiontimesof jobs throughconvex sets.Thesecondfeatureuniqueto real-
time systems,is thepresenceof temporalrelationshipsthatconstrainjob execu-
tion.Considerfor instancetherequirementthatjob1 shouldconclude10unitsbe-
fore job 2.Thiscanbemodeledthroughasimple,linearrelationship,betweenthe
startandexecutiontimesof jobs1 and2. In real-timescheduling,it is important
to guaranteeapriori, theschedulingfeasibilityof thesystem.Dependinguponthe
natureof theapplicationinvolved,therearedifferentschedulabilityspecifications
viz. Static,Co-StaticandParametric.Eachspecificationcomeswith its own set
of flexibility issues.In this paper, we presenta framework thatenablesthespec-
ification of real-timeschedulingproblemsanddiscussthe relationshipbetween
flexibility andcomplexity in theproposedmodel.Wemotivateeachaspectof our
modelthroughexamplesfrom real-world applications.

1 Intr oduction

In this paper, we describethe featuresof our real-timeschedulingframework called
the E-T-C ( Execution-Time-Constraints) Real-Time Schedulingmodel.Real-time
schedulingdiffersfromtraditionalschedulingin two fundamentalways,viz. non-constant
executiontimesandtheexistenceof complex constraints(suchasrelative timing con-
straints)betweentheconstituentjobsof theunderlyingsystem.A traditionalscheduling
modelsuchasthe onediscussedin [14] and[3] assumesthat the executiontime of a
job is a fixed constant.This assumptionis not borneout in practice;for instancethe
runningtimeof aninputdependentloopstructuresuchasfor( ����� to � ) will depend
uponthevalueof � . Secondly, jobsin areal-timesystemareoftenconstrainedby com-
plex relationshipssuchas:Startjob �
	 within � unitsof Job �
� completing.Traditional
schedulingliteraturedoesnot accommodateconstraintsmorecomplex thanthosethat
canberepresentedby precedencegraphs.

Our schedulingmodelis composedof 
 sub-models,viz. theJobmodel,theCon-
straintmodelandtheQuerymodel.TheJobmodeldescribesthetypeof jobsthatweare
interestedin scheduling.TheConstraintmodelis concernedwith thenatureof relation-
shipsconstrainingtheexecutionof the jobs.TheQuerymodelspecifieswhat it means
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for a setof jobsto beschedulable,subjectto constraintsimposedaspertheConstraint
model.An instanceof a problemin theE-T-C modelis specifiedby instantiatingthe
variablesin thesub-models.

We focuson thefollowing issues:

(a) Designingaframework thatenablesspecificationof real-timeschedulingproblems,
and

(b) Studyinginstantiationsof interestin this framework.

The restof this paperis organizedasfollows: Section � 2 describesthe Jobmodel
within the E-T-C schedulingframework. The Constraintmodel is discussedin the
succeedingsectionviz. Section� 3. Section� 4 detailstheQuerymodelandpresentsthe

 typesof queriesthatwe considerin this thesis.Eachaspectof theE-T-C scheduling
framework is motivatedthroughan examplefrom real-timedesign.A classification
schemefor Schedulingproblemsin theE-T-C modelis introducedin � 5.

2 Job Model in E-T-C

Assumeaninfinitely extendingtimeaxis,startingattime ����� . Thisaxisis dividedinto
intervalsof length � ; theseintervalsareorderedandeachinterval is calledascheduling
window e.g. � ������� representsthefirst schedulingwindow, � ������� ��� representsthesecond
schedulingwindow andin general,� �!�#"$�&%'� �(�)��� ��� representsthe �+*!, schedulingwindow.
We aregiven a setof ordered, non-preemptive, jobs -.�0/1��23�'�
45�6�7�6�6�98;: , with start
times /3<=2&��<749�6�7�6�'��<&8;: andexecutiontimes /&>523��>&45�6�6�7�6��>&8;: . � is theperiodof thejob-
setandall jobsexecuteperiodicallyin eachschedulingwindow. We remarkthatnon-
preemptivejobsform thebulk of real-timeapplicationsin mission-criticaltasks[11].

3 Constraint Model in E-T-C

Theexecutionsof the jobs in the job-set - ( discussedin theabove section) arecon-
strainedthroughrelationshipsthatexist betweentheir starttimesandexecutiontimes.
In theE-T-C model,wepermitonly linearrelationships;thustheconstraintsystemon
thejob-setis expressedin matrix form as:

? �@�BAC �=AD �FE AG � (1)

where,

– AC �H� <=23��<&45�6�7�6�'��<&8
� is an I�" vector, representingthestarttimesof thejobs;
– AD �H� >52=�J>34=�6�7�6�7�J>38
� is an I�" vectorrepresentingtheexecutiontimesof thejobs;
–

?
is a KMLN��� I matrix of rationalnumbers,calledtheconstraint matrix;

– AG �H� O 2 ��O 4 �6�7�6�'��O#P�� is an KQ" vectorof rationalnumbers,

ObservethatSystem(1) canberewritten in theform:

R � ACTSVU �WAD E AG � (2)
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where, R � ACXSYU � AD � ? �Z� AC � AD �
We can also usethe finish times [5\ of jobs in relationships.Sincethe jobs are non-
preemptive, therelation: <&\ S >3\]�^[=\ holdsfor all jobs �9\ andhenceour expressiveness
is not enhancedby theinclusion.

System(1) is a convex polyhedronin the ��� I dimensionalspace,spannedby the
starttimeaxes /=<=23��<&41�6�6�7�'��<&8;: andtheexecutiontimeaxes /&>52&�J>341�6�6�7�6��>&8;: .

Theexecutiontimesareindependentof thestarttimesof thejobs;howeverthey may
havecomplex interdependenciesamongthemselves.This interdependenceis expressed
by setting

AD`_ba (3)

where a is an arbitraryconvex set.We regardthe executiontimesas I�" vectors
belongingto theset a .

Theorderingon thejobsis obtainedby imposingtheconstraints:

<&\ S >3\cEd<&\ e 2 �gfh�F�i�9�6�7�6�'�JIj"k�1�
Theorderingconstraintsare includedin the

?
matrix in (1).

TheConstraintmodelcanbeadaptedto specialsituationsby restrictingeither a or?
or both.Thefollowing advantagesresultfrom suchrestrictions:

– A modelthatmoreaccuratelydescribestherequirementsof thecurrentsituation,
– Fasteralgorithmsfor schedulabilityqueries,and
– More efficientdispatchingschemes.

In � 3.1, � 3.2 and � 3.3 we discussrestrictionsto theconvex set a , while � 3.4, � 3.5
and � 3.6dealwith restrictionsto theconstraintmatrix

?
.

3.1 The Axis-parallel Hyper-rectangledomain

As specifiedabove, the set a in the Constraintmodelcanbe an arbitraryconvex do-
main.Onedomainthatfindswide applicability is theaxis-parallelhyper-rectangledo-
main( henceforthabbreviatedasaph ). TheMaruti OperatingSystem[8–10]estimates
runningtimesof jobsby performingrepeatedrunssoasto determineupperandlower
boundsontheirexecutiontime.Accordingly, therunningtimeof job � \ , viz. > \ , belongs
to the interval � l \ �Jm \ � , where l \ and m \ denotethe lower andupperboundson the exe-
cutiontimeasdeterminedby empiricalobservation.These independent range
variations are the only constraints on the execution times.
Observethatduringactualexecution,> \ cantakeany valuein therange � l \ �)m \ � .

Theaph domainpossessestwo usefulfeatures:

– A specificationthatis tractablefor thisdomainis alsotractablefor arbitraryconvex
domains[23],

– A specificationthatis provably “hard” for arbitraryconvex domainsis also“hard”
for thisdomain[18].

Thuswhenproving complexity results( especiallyhardnessresults), it sufficesto
focuson theaph domainonly.
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3.2 The Polyhedral domain

A featureof machiningsystemssuchastheonesdiscussedin [25] and[7] is theactive
interdependenceof executiontimeson eachother. For instance,the requirementthat
thesumof thespeedsof two axes � 2 and � 4 not exceedn is capturedby: > 2 S > 4 Edo .
Polyhedraldomainsaregeneralizationsof theaph domainsdiscussedabove.

3.3 Arbitrary ConvexSets

Evenpolyhedraldomainscannotcapturetherequirementsof Power Systemsin which
thereexists quadraticconstraintson the executiontimes. For instance,the spherical
constraint> 4 2 S > 44 S �6�7�J> 48 Eqp=�Jpsrq� capturesthe requirementthat the total power
spentin thesystemis boundedby p [2] .

3.4 Standard Constraints

Theclassof “standardconstraints”wasintroducedin [16], asa restrictionto thecon-
straint matrix

?
for which the ParametricSchedulabilityquery ( seeSection � 4.3 )

couldbedecidedefficiently.

Definition 1. A constraint is said to be a standard constraint, if it can be expressed
asa strict differencerelationshipbetweenat mosttwo jobs.Therelationshipcouldbe
expressedbetweentheir start or finishtimes.

Theseconstraintsarealsoknown asmonotoneconstraints in the literature[6]. Stan-
dardconstraintsserveto modelrelativepositioningrequirementsbetweentwo jobsand
absoluteconstraintson a singlejob. Whenthe constraintsarestandard,the matrix

R
in System(2) is network unimodular[5, 13] andhencethe constraintsystemcanbe
representedasa network graph[21,4].

The advantageof the network representationis that certainfeasibility queriesin
theprimal systemcanbeexpressedasshortest-pathqueriesin thecorrespondingdual
network [4]. Standardconstraintsarewidely usedto model temporalrelationshipsin
flight-controlsystems[11,12].

3.5 Network Constraints

Network constraintsarea straightforwardgeneralizationof standardconstraints.

Definition 2. A constraint is said to be a networkconstraint, if it can be put in the
following form:

o;�t< \ S O3�t<'uvExw=� > \ SYy � >6u S nh� (4)

where o;��O3��w=� y ��n _bz .

Network constraintscan also be representedas graphs[6, 1]; however the relation-
shipsbetweenadjacentverticesform a polyhedronandarenot adequatelyrepresented
throughedges,asin thecaseof standardconstraints.Onceagain,theadvantageof the
graphrepresentationis the existenceof fasteralgorithmsfor feasibility checkingas
opposedto generalconstraints.Network constraintsfind wide applicability in approxi-
matingcertainmeasures[19].
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3.6 Arbitrary Constraints

JobcompletionstatisticssuchasSumof CompletiontimesandWeightedSumof Com-
pletion timesof jobs areof interestto the designersof real-timesystems[25]. These
statisticsareaggregateconstraints{ 8\@| 2 �}< \ S > \ % andcannotbe capturedthroughei-
therstandardor network constraints.

4 Query model in E-T-C

Goal:We wishto determinea start timevector AC , in each schedulingwindow, such that
the constraint system(1) holds ( is not violated ) at run-time for any executiontime
vector AD~_�a .

Theabovespecification( calledtheschedulabilityspecification) is rathervagueand
is intendedto beso;in thissection,weshallpresentthreedifferentformalizationsof the
informal specificationabove.Eachformalization( specification) hasadifferentnotion
of whatit meansfor a job-setto beschedulableandis characterizedby adistinctsetof
complexity issuesandflexibility concerns.However, in all thespecificationstheguar-
anteesprovidedareabsolutei.e. if theschedulabilityqueryisdecidedaffirmatively, then
theconstraint setwill not beviolatedat run time. We alsousethetermsschedulability
queryandschedulabilitypredicateto referto theschedulabilityspecification.

4.1 Static Scheduling

Static scheduling( alsocalled Schedulingwith no Clairvoyance) is concernedwith
decidingthefollowing predicate:

���X��� AC ��� <=23��<&41�6�6�7�6��<78
� f�AD �i� >=2=�J>345�7�6�7�6�J>38
� _ba ? �Z�BAC �3AD �FE AG��
(5)

In otherwords,the goal is to determinethe existenceof a singlestart-timevector
AC�_bz 8 , suchthattheconstraintsystemrepresentedby (1) holds.Theonly information
that is availableprior to the dispatchingof jobs in the ��*!, schedulingwindow is the
knowledgeof theexecutiontime domaina .

In [23], weshowedthattheabovepropositioncanbedecidedefficiently for arbitrary
convex domains.Froma computationalperspective,query(5) is theeasiestto answer.
StaticSchedulingis the only modeof schedulingat one’s disposal,if the dispatcher
doesnot havethepower to performonlinecomputations;in fact ���)�&% dispatchingtime
is oneof theadvantagesof staticscheduling[24].

4.2 Co-Static Scheduling

Staticschedulingis undulyrestrictivein thatevensimpleconstraintsetswill fail to have
staticschedules[22]. Therestrictivenessof StaticSchedulingstemsfrom theinsistence
on rationalsolutionvectors.If however, thesolutionvectoris allowedto bea function
of the executiontime vector, thena greateramountof flexibility results.In Co-Static
Scheduling( alsocalledSchedulingwith total Clairvoyance), the assumptionis that
the executiontime vectoris known at the startof the schedulingwindow, althoughit
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may be different in differentwindows. Accordingly, we wish to decidethe following
predicate:

����� f�AD �i� > 2 �J> 4 �6�6�7�6��> 8 � _Na � AC �H� < 2 ��< 4 �6�7�6�7��< 8 � ? �@�BAC �3AD �]E AG��
(6)

Co-staticschedulingpermitsmaximumflexibility during the dispatching phase, in
that if a constraint systemis not co-staticallyschedulable, thenit is not schedulable.
However, query(6) iscoNP-complete for arbitraryconstraintsets,asshown in [22].
We have recentlyshown that theco-staticschedulablequeryis solvablein polynomial
time for standardandnetwork constraints[20]. Co-staticschedulingqueriesareappli-
cablein Flow-shops[15].

4.3 Parametric Scheduling

Co-staticschedulingrequiresknowledgeof the executiontime vectorfor a particular
schedulingwindow, prior to determiningthestarttimevectorfor thatwindow. Thismay
not befeasiblein all real-timesystems.Parametricscheduling( alsocalledScheduling
with limited Clairvoyance) attemptsto provide a balancebetweenthe Statican Co-
Staticschedulingmodes.In a parametricschedule,the starttime of a job is permitted
to dependuponthestartandexecutiontimesof jobs thathave beensequencedbefore
it and only on thosetimes.In this mode,we restrictour discussionto aph domains,
inasmuchasthissimpledomainpreservesthehardnessof schedulabilityqueries.Thus,
theparametricschedulabilitypredicateis:

�T�$��� <32Tfh>52 _ � l!2=�)m�2�� � <74Tf�>34 _ � lW41�)mh4#�$�7�6� � <&8�fh>38 _ � lW8h�Jm;8
� ? �Z�BAC �=AD ��E AG��
(7)

5 A Taxonomyof Schedulingproblems

Fromthediscussionin theabovesections,it is clearthatin orderto specifyaninstance
of aschedulingproblemin theE-T-C schedulingframework, it is necessaryto specify:

– Thenatureof theexecutiontime domain( a ),
– Thetypeof constraintson thejobs(

?
), and

– A descriptionof theschedulabilityquery(
� � � ��� � � �

).

Thus,aprobleminstancecanbespecifiedby instantiatingthetuplesin the �k�X� �T� �s�
triplet, where,

– � representstheexecutiontime domain a - Thefollowing valuesarepermissible
for � :� aph - a is anaxis-parallelhyper-rectangle,� poly - a is a polyhedron� arb - a is anarbitraryconvex domain.
Clearlyaph is the weakestdomainin termsof whatcanbe specifiedandarb is
thestrongest.

– � representstheconstraintmatrix
? � R � U % - � canassumethefollowing values:
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� stan - Theconstraintsarestandard which impliesthat
R

and U arenetwork,
unimodularmatrices.� net - Theconstraintsarenetworkwhich implies that

R
andH have at most

two non-zeroentriesin any row� arb -
R

andH areanarbitrary KML�I rationalmatrices
Onceagainstan is theweakestconstraintclass,in termsof real-timeconstraints
thatit canmodel,whereasarb is thestrongest.

– � representsthe schedulabilitypredicate- The schedulabilitypredicatespecifies
whatit meansfor asetof jobsto beschedulable;thefollowingvaluesarepermitted:� stat - Thequeryis concernedwith staticschedulability,� co-stat - Thequeryis concernedwith co-staticschedulability,� param - Thequeryis concernedwith parametricschedulability.

Clearlyco-stat is themostflexible queryandstat is theleastflexible.
Accordingly, ��o&�;��� o
p5O5� <6��o
�j� representsan instanceof a real-timescheduling

problem,in which the executiontime domainis an axis-parallelhyper-rectangle,the
constraintsarearbitraryandtheschedulabilitypredicateis static.Our notationscheme
is similar to the ���X� ��� �Q� schemefor traditionalschedulingmodels[14,3].

6 Offline Analysis versusOnline Dispatching

Schedulingalgorithmsin theE-T-C modelpossessanoffline schedulabilityanalyzer
andan online dispatchingcomponent The analyzerexaminesthe constraintson the
systemandthe typeof schedulabilityqueryinvolved,to determinewhethera feasible
scheduleis possible.Thisanalysisis alwayscarried out offline. Thedispatchingcom-
ponentis concernedwith determiningthe exact start timesof the jobs in the current
schedulingwindow. Dispatching is alwayscarriedout online.

For a given instanceof a schedulingproblem,the offline analyzeris executedex-
actly once.If theschedulabilityqueryis decidedaffirmatively, theonlinedispatcheris
executedin everyschedulingwindow.
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