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Abstract. Schedulingn Real-timesystemdliffers from schedulingin corven-
tional modelsin two principal ways: (a) Parametewariability, (b) Existenceof
comple constraintdetweerjobs.Ourwork focusse®nvariableexecutiontimes.
Whereagraditionalmodelsassumdixedvaluesfor job executiontime, we model
executiontimesof jobsthroughcorvex sets.The secondfeatureuniqueto real-
time systemsis the presencef temporalrelationshipghat constrainjob execu-
tion. Consideffor instanceherequirementhatjob 1 shouldconcludelOunitsbe-
forejob 2. Thiscanbemodeledhroughasimple,linearrelationshippetweerthe
startandexecutiontimesof jobs 1 and2. In real-timeschedulingit is important
to guaranteeapriori, theschedulingeasibility of thesystem Dependingiponthe
natureof theapplicationinvolved,therearedifferentschedulabilityspecifications
viz. Static,Co-Staticand Parametric. Eachspecificationcomeswith its own set
of flexibility issuesin this paperwe present framevork thatenablegshe spec-
ification of real-timeschedulingproblemsanddiscussthe relationshipbetween
flexibility andcompleity in the proposednodel.We motivateeachaspecbf our
modelthroughexamplesfrom real-world applications.

1 Intr oduction

In this paper we describethe featuresof our real-time schedulingframework called
the E- T- C ( Execution-Time-Constrainty Real-Time Schedulingmodel. Real-time
schedulingliffersfrom traditionalschedulingn two fundamentaivays,viz. non-constant
executiontimesandthe existenceof complex constraintgsuchasrelative timing con-
straints)betweerthe constituenjobsof theunderlyingsystemA traditionalscheduling
modelsuchasthe onediscussedn [14] and[3] assumeghat the executiontime of a
job is a fixed constant.This assumptioris not borneout in practice;for instancethe
runningtime of aninputdependenioop structuresuchasfor( ¢ = 1 to NV ) will depend
uponthevalueof N. Secondlyjobsin areal-timesystemareoftenconstrainedy com-
plex relationshipsuchas:Startjob J, within 5 unitsof JobJ, completing.Traditional
schedulinditeraturedoesnot accommodateonstraintanore complex thanthosethat
canberepresentetly precedencgraphs.

Our schedulingmodelis composedf 3 sub-modelsyiz. the Jobmodel,the Con-
straintmodelandthe Querymodel. TheJobmodeldescribeshetypeof jobsthatwe are
interestedn schedulingThe Constrainimodelis concernedvith thenatureof relation-
shipsconstraininghe executionof the jobs. The Querymodelspecifieavhatit means
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for a setof jobsto be schedulablesubjectto constraintdmposedasperthe Constraint
model.An instanceof a problemin the E- T- C modelis specifiedby instantiatingthe
variablesin the sub-models.

We focuson thefollowing issues:

(a) Designingaframenorkthatenablespecificatiorof real-timeschedulingproblems,
and
(b) Studyinginstantiationf interestin this framework.

The restof this paperis organizedasfollows: Section§2 describeghe Jobmodel
within the E- T- C schedulingframework. The Constraintmodelis discussedn the
succeedingectionviz. Section§3. Section§4 detailsthe Querymodelandpresentshe
3 typesof querieshatwe considetin this thesis Eachaspecbf the E- T- Cscheduling
frameawork is motivatedthroughan examplefrom real-time design.A classification
schemdor Schedulingproblemsin the E- T- C modelis introducedn §5.

2 JobModelin E-T-C

Assumaeaninfinitely extendingtime axis,startingattime¢ = 0. Thisaxisis dividedinto

intervalsof lengthL; thesantervalsareorderedandeachinterval is calleda scheduling
window e.g.[0, L] representthefirst schedulingvindow, [L, 2. L] representthesecond
schedulingvindow andin general[(i—1).L, i.L] representthei*" schedulingvindow.

We are given a setof ordered, non-preemptivejobs 7 = {J1, Ja, ... J,}, with start
times{si, s2, ..., s, } andexecutiontimes{ey, ez, .. ., e, }. L is theperiodof thejob-

setandall jobs executeperiodicallyin eachschedulingwindow. We remarkthat non-
preemptve jobsform thebulk of real-timeapplicationsn mission-criticattasks[11].

3 Constraint Model in E-T-C

The executionsof the jobsin the job-set.7 ( discussedn the above section) arecon-
strainedthroughrelationshipghat exist betweertheir starttimesandexecutiontimes.
In the E- T- Cmodel,we permitonly linearrelationshipsthusthe constrainsystemon
thejob-setis expressedn matrix form as:

A58 <b, (1)
where,
— § = [s1, 82,. .., 8] iISann—vector, representinghe starttimesof thejobs;
— €= [e1,e9,...,6,] iSann—vectorrepresentinghe executiontimesof thejobs;
— A isam x 2.n matrix of rationalnumberscalledthe constaint matrix;
— b =[by,by,...,by] isanm—vectorof rationalnumbers,

Obsene that System(1) canberewrittenin theform:

G5+ HE<b, )



where,
GS+Heé=A]Js¢€

We can also usethe finish times f; of jobs in relationships.Sincethe jobs are non-
preemptivetherelation: s; +e; = f; holdsfor all jobs J; andhenceour expressiveness
is notenhancedy theinclusion.

System(1) is a corvex polyhedronin the 2.n dimensionalspace spannedy the
starttime axes{si, s2, . . ., s} andtheexecutiontime axes{ey, es,...,en}.

Theexecutiontimesareindependentf thestarttimesof thejobs; howeverthey may
have comple interdependencieamongthemseles.This interdependencis expressed
by setting

écE 3)

whereE is an arbitrary corvex set. We regardthe executiontimes asn—vectors
belongingto the setE.
Theorderingon thejobsis obtainedby imposingthe constaints:

sit+e <sip1,Vi=1,...,n—1.

Theorderingconstaintsare includedin the A matrixin (1).
The Constraintmodelcanbe adaptedo specialsituationsby restrictingeitherE or
A or both. Thefollowing advantagesesultfrom suchrestrictions:

— A modelthatmoreaccuratelydescribeshe requirementsf the currentsituation,
— Fasteralgorithmsfor schedulabilityqueriesand
— More efficientdispatchingschemes.

In §3.1,§3.2and§3.3 we discusgestrictionsto the corvex setE, while §3.4,§3.5
and$§3.6 dealwith restrictiongto the constraintmatrix A.

3.1 The Axis-parallel Hyper-rectangledomain

As specifiedabore, the setE in the Constraintmodelcanbe an arbitrary corvex do-
main.Onedomainthatfinds wide applicabilityis the axis-parallehyperrectangledo-
main( henceforttabbreviatedasaph ). TheMaruti OperatingSysten{8—10] estimates
runningtimesof jobs by performingrepeateduns soasto determineupperandlower
boundsontheirexecutiontime. Accordingly, therunningtime of job J;, viz. e;, belongs
to theinterval [1;, u;], wherel; andu; denotethe lower andupperboundson the exe-
cutiontime asdeterminedy empiricalobsenation.These i ndependent range
variations are the only constraints on the execution tines.
Obsenrethatduringactualexecution,e; cantake ary valuein therange[l;, u;].
Theaph domainpossessesvo usefulfeatures:

— A specificatiorthatis tractablefor this domainis alsotractablefor arbitraryconvex
domaing?23],

— A specificatiorthatis provably “hard” for arbitrarycorvex domainsis also“hard”
for thisdomain[18].

Thuswhenproving compleity results( especiallyhardnessesults), it sufiicesto
focusontheaph domainonly.
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3.2 The Polyhedral domain

A featureof machiningsystemsuchasthe onesdiscussedn [25] and[7] is theactive
interdependencef executiontimeson eachother For instance the requirementhat
the sumof the speed®f two axes.JJ; and.J> notexceedk is capturedy: e; + es < a.
Polyhedraldomainsaregeneralizationsf theaph domainsdiscussedbove.

3.3 Arbitrary ConvexSets

Even polyhedraldomainscannotcapturethe requirement®f Pover Systemsn which
there exists quadraticconstraintson the executiontimes. For instance the spherical
constrainte? + e3 + ...e2 < r,r > 0 captureghe requirementhatthe total power
spentin the systemis boundedoy r [2] .

3.4 Standard Constraints

The classof “standardconstraints’wasintroducedin [16], asa restrictionto the con-
straintmatrix A for which the ParametricSchedulabilityquery ( seeSection§4.3)
couldbedecidedefficiently.

Definition 1. A constrint is said to be a standad constaint, if it can be expressed
asa strict differencerelationshipbetweerat mosttwo jobs. Therelationshipcould be
expressedetweertheir start or finishtimes.

Theseconstraintsare also known as monotoneconstrints in the literature[6]. Stan-
dardconstraintseneto modelrelative positioningrequirementbetweertwo jobsand
absoluteconstraintson a singlejob. Whenthe constraintsare standardthe matrix G

in System(2) is network unimodular[5, 13] and hencethe constraintsystemcan be
representedsa network graph[21,4].

The advantageof the network representatioris that certainfeasibility queriesin
the primal systemcanbe expresseds shortest-patlueriesin the correspondinglual
network [4]. Standarcconstraintsare widely usedto modeltemporalrelationshipsn
flight-controlsystemg11,12].

3.5 Network Constraints
Network constraintsarea straightforvardgeneralizatiorof standarcconstraints.

Definition 2. A constaint is said to be a networkconstaint, if it can be putin the
following form:
a.s; +b.s; <ce+dej+k, (4)

wheea,b,c,d, k € R.

Network constraintscan also be representeds graphs[6, 1]; however the relation-
shipsbetweenradjacentverticesform a polyhedronandarenot adequatelyepresented
throughedgesasin the caseof standard:onstraintsOnceagain,the advantageof the
graphrepresentatioris the existenceof fasteralgorithmsfor feasibility checkingas
opposedo generakonstraintsNetwork constraintdind wide applicabilityin approxi-
matingcertainmeasure§l9].



3.6 Arbitrary Constraints

Jobcompletionstatisticssuchas Sumof CompletiontimesandWeightedSumof Com-
pletion timesof jobs are of interestto the designerof real-timesystemq25]. These
statisticsare aggrgateconstraintsy .., (s; + e;) andcannotbe capturecthroughei-

therstandardr network constraints.

4 Query modelin E-T-C

Goal:We wishto determinea starttimevectors, in eat schedulingwindow suc that
the constrint system(1) holds ( is not violated) at run-time for any executiontime
vectoré € E.

Theabove specificatior( calledthesdchedulabilityspecification is rathervagueand
is intendedo beso;in this sectionwe shallpresenthreedifferentformalizationsof the
informal specificatiorabove. Eachformalization( specification) hasa differentnotion
of whatit meandor ajob-setto be schedulablandis characterizethy a distinctsetof
compleity issuesandflexibility concernsHowever, in all the specificationghe guar-
anteegrovidedare absolutd.e. if theschedulabilityqueryis decidedaffirmatively then
the constaint setwill notbeviolatedat run time We alsousethe termsschedulability
queryandschedulabilitypredicateto referto the schedulabilityspecification.

4.1 Static Scheduling

Static scheduling( also called Schedulingwith no Clairvoyance) is concernedvith
decidingthefollowing predicate:

Py =35 =[s1,52,...,5nVE€ = [e1,€0,...,en] €EE A& <b ? (5

In otherwords,the goalis to determinethe existenceof a single start-timevector
§ € R, suchthatthe constraintsystenmrepresentedly (1) holds.The only information
thatis available prior to the dispatchingof jobs in the it* schedulingwindow is the
knowledgeof the executiontime domainE.

In[23], we shavedthattheabove propositioncanbedecidedefficiently for arbitrary
convex domains.Froma computationaperspectie, query(5) is the easiesto answer
Static Schedulingis the only modeof schedulingat one's disposal,if the dispatcher
doesnot have thepower to performonline computationsin factO(1) dispatchingime
is oneof theadwantage®f staticschedulind24].

4.2 Co-Static Scheduling

Staticschedulings undulyrestrictive in thatevensimpleconstrainsetswill fail to have
staticschedule$2?]. Therestrictvenes®f StaticSchedulingstemdrom theinsistence
on rationalsolutionvectors.If however, the solutionvectoris allowedto beafunction
of the executiontime vector thena greateramountof flexibility results.In Co-Static
Scheduling( also called Shedulingwith total Clairvoyance), the assumptioris that
the executiontime vectoris known at the startof the schedulingwindow, althoughit
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may be differentin differentwindows. Accordingly, we wish to decidethe following
predicate:

P.=VE=ler,en,...,en] €EE IS =[s1,50,...,5,] AJ5&<b ? (6)

Co-staticschedulingpermitsmaximumflexibility during the dispatding phasein
thatif a constaint systenis not co-staticallyschedulable thenit is not schedulable
However, query(6) iscoNP- conpl et e for arbitraryconstrainsets asshavnin [22].
We have recentlyshavn thatthe co-staticschedulableueryis solvablein polynomial
time for standarcandnetwork constraint§20]. Co-staticschedulingyueriesareappli-
cablein Flow-shopq15].

4.3 Parametric Scheduling

Co-staticschedulingrequiresknowledgeof the executiontime vectorfor a particular
schedulingvindow, prior to determiningthestarttime vectorfor thatwindow. Thismay
not befeasiblein all real-timesystemsParametricscheduling alsocalledScheduling
with limited Clairvoyance) attemptsto provide a balancebetweenthe Statican Co-
Staticschedulingmodes.n a parametricschedulethe starttime of a job is permitted
to dependuponthe startandexecutiontimes of jobs that have beensequencetbefore
it and only on thosetimes.In this mode,we restrictour discussiorto aph domains,
inasmuchasthis simpledomainpreseresthe hardnes®f schedulabilityqueries Thus,
the parametricschedulabilitypredicates:

P, =3s1 Ver € [li,u1] Isz Ve € [la,us] ... 35, Ven € [ln,un] A5, <b ?
)

5 A Taxonomyof Schedulingproblems

Fromthediscussiorin theabove sectionsit is clearthatin orderto specifyaninstance
of aschedulingoroblemin theE- T- Cschedulingramework, it is necessario specify:

— Thenatureof the executiontime domain( E ),
— Thetypeof constraintonthejobs( A ), and
— A descriptionof the schedulabilityquery( Ps, P, Pp ).

Thus,aprobleminstancecanbespecifiedby instantiatinghetuplesin the < /8]y >
triplet, where,

— « representshe executiontime domainE - Thefollowing valuesare permissible
for a:
e aph - E is anaxis-parallehyperrectangle,
e pol y - Eisapolyhedron
e ar b - E is anarbitrarycorvex domain.
Clearlyaph is the wealestdomainin termsof whatcanbe specifiedandar b is
thestrongest.
— [ representshe constraintmatrix A (G, H) - § canassumehefollowing values:



e st an - Theconstraintarestandad whichimpliesthatG andH arenetwork,
unimodularmatrices.
e net - Theconstraintsare networkwhich impliesthat G andH have at most
two non-zeroentriesin ary row
e arb - G andH areanarbitrarym x n rationalmatrices
Onceagainst an is thewealestconstraintclass,in termsof real-timeconstraints
thatit canmodel,whereasar b is the strongest.
— ~ representshe schedulabilitypredicate- The schedulabilitypredicatespecifies
whatit meandor asetof jobsto beschedulablethefollowing valuesarepermitted:
e st at - Thequeryis concernedvith staticschedulability
e CcO- st at - Thequeryis concernedvith co-staticschedulability
e par am- Thequeryis concernedvith parametricschedulability

Clearlyco- st at isthemostflexible queryandst at is theleastflexible.

Accordingly, < aph|arb|stat > representsn instanceof a real-timescheduling
problem,in which the executiontime domainis an axis-parallelhyperrectanglethe
constraintarearbitraryandthe schedulabilitypredicates static.Our notationscheme
is similarto the < «|8|y > schemédor traditionalschedulingmodels[14, 3].

6 Offline AnalysisversusOnline Dispatching

Schedulingalgorithmsin the E- T- C modelpossesan offline schedulabilityanalyzer
and an online dispatchingcomponent The analyzerexaminesthe constraintson the
systemandthe type of schedulabilityqueryinvolved,to determinewhethera feasible
schedulas possible Thisanalysisis alwayscarried out offline. The dispatchingcom-
ponentis concernedvith determiningthe exact starttimesof the jobsin the current
schedulingvindow. Dispatcingis alwayscarried out online

For a giveninstanceof a schedulingproblem,the offline analyzeris executedex-
actly once.If the schedulabilityqueryis decidedaffirmatively, the online dispatcheis
executedn every schedulingvindow.
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